Multiplicity of solutions of a zero mass nonlinear 
equation on a Riemannian manifold 



1 Introduction 

In this paper we are interested in the relation between the number of solutions 
of a nonlinear equation on a Riemannian manifold and the topology of the 
manifold itself. 

Let (M, g) be a compact, connected, orientable, boundaryless Riemannian 
manifold of class C°° with Riemannian metric g. Let dim(M) = n > 3. 
We consider the problem 



with u e Hl{M). 

As it has been pointed out in [10] problem admits solutions on R" if 
/'(O) < 0, while there are no solutions if /'(O) > 0. The Hmiting case /'(O) = 0, 
i.e. the "zero mass" case, depends on the structure of /. Berestycki and Lions 
proved the existence of ground state solutions if f[u) behaves as for u large 
and \u\'^ for u small, with p and q respectively super and sub-critical. In [5] they 
proved also the existence of infinitely many bound state solutions. 

Problem (|l.ip has been studied also in [5] , where existence and non existence 
results have been given on an exterior domain in K". 

The problem of the multiplicity of solutions of a nonlinear elliptic equation 
on a Riemannian manifold has been studied in [3], where the authors consider 
an equation with sub-critical growth. 

The effect of the domain shape on the number of positive solutions of some 
semilinear elliptic problems has been widely studied. Here we only mention [T], 
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(fl) < < ns)s < f"{s)s' 



^ for any s and for some > 2; 
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(f2) /(O) = /'(O) = /"(O) = and there exist positive constants co,ci,p,q 
with 2 < p < 2* < q such that 



fis) > 



Cq\s\p for |s| > 1 
ca\s\i for jsj < 1 

ci\s\P-^ for |s| > 1 
Ci|s|9-2 for jsj < 1 



(1.2) 



(1.3) 



We denote by cat (Af ) the Ljusternik-Schnirelmann category of M and by Vt{M) 
the Poincare polynomial of M . 

Our main results are the following: 

Theorem 1.1. Fore > sufficiently small, equation il.l]) has at least cat {M)+ 

1 solutions in Hi{M). 

Theorem 1.2. If for e > sufficiently small the solutions of equation are 
non-degenerate, then there are at least 2Vi{M) — 1 solutions. 

2 Notation and preliminary results 

We denote by -6(0, R) the ball in M" of centre and radius R and by Bg{x, R) 
the ball in M of centre x and radius R. 

We define a smooth real function xr on R+ such that 



and |Xi?(OI — ^^^^ Xo positive constant. 

We recall some definitions and results about compact connected Riemannian 
manifolds of class C°° (see for example [T5]). 

Remark 2.1. On the tangent bundle TM of M the exponential map exp : 
TM M is defined. This map has the following properties: 

(i) exp is of class C°° ; 

(a) there exists a constant R> such that 



is a diffeomorphism for all x d M . 

It is possible to choose an atlas C on M, whose charts are given by the 
exponential map (normal coordinates). We denote by {tpc}ci£C a partition of 
unity subordinate to the atlas C. Let gx„ be the Riemannian metric in the 
normal coordinates of the map exp^ . 




(2.1) 



exp^ Is(o.fl) : B{0, R) Bg{x, R) 
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For any u G Hf{M) we have that: 

Wu{x)\ldfig = XI / V'c(a;)|Vw(x)|gd/Xg 



> / iJc{exp^^{z))gJ^{z) \g^^iz)\^dz, 

^nJB{f),R) OZi aZj 



cec 

where Einstein notation is adopted, that is 



{g^ij\zy) is the inverse matrix oi g^^(z) and |(?a:Q(z)| = det(f;2;o(^))- In particular 
we have that 52:0(0) = Id. A similar relation holds for the integration of |u(a;)|P. 
For convenience we will also write for all xq E M and z, ^ G T^^M 

ml,i.)=9%mij- (2.2) 

Remark 2.2. Since M is compact, there are two strictly positive constants h 
and H such that for all x £ M and all z T^M 

/l|z|2<5,(z,z)<i?|z|2, 

where \ ■ \ is the standard metric in M". Hence there holds 

h-<\9A^)\<H-. 

We are going to find the solutions of (jl.ip as critical points of the functional 
Je : Hl{M) ^ R, defined by 

Mu)^^f \Vu{x)\ldy^,-\ ( f{u{x))di,g, (2.3) 
constrained on the Nehari manifold 



We = |u e Hl(M) I u 7^ and j e^\Wu\1d^ig = J f'{u)udfig^ 
Let I?^'^(M") be the completion of C^(R") with respect to the norm 



(2.4) 



||w||x)i,2(R„) J^^ |Vw(z)| dz. 
We consider also the following functional J : I?^'^(M") — > R defined by 

J{v):^ /„ - fivi^))) dx (2.5) 
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and the associated Nehari manifold 



AA= |w e X>i'^(M") I w 7^ and / \\7v{x)f dx ^ [ f'{u)udx\. 



(2.6) 



The functionals and J are respectively on Hl{M) and on I?^'^(R"). 
In fact, we have: 



Lemma 2.3. (i) The functional F^,m '■ Lp{M) M, defined by 



F,,Miu) 



f{u{x))dng 



is of class and 



f {uo{x))ui{x) d^ig 



M 



F^m{uo)uiU2 = — f {uo{x))ui{x)u2{x) d^ig 

" M 



(2.7) 



(li) The functional F : (M") ^ M defined by 



Fiv) 



f{v{z))dz 



is of class and 



F'Mvi = / f'{vo{z))viiz)dz 



F"{vo)viV2 



f" {vo{z))vi{z)v2{z) dz 



(2.8) 



The proof of this lemma is analogous to the proof of Lemma 2.7 in [H]. 
We also have the following lemma: 



Lemma 2.4. The functionals F^^m : LP{M) — > R, defined by 



F^M{n) := - 



M 



]-f'{u{x))u{x)-f{u{x)) 



dfig 



and Fn : L (il) M defined by 

Fniv) := 
are strongly continuous. 



-nv{z))v{z)~f{v{z)) 



dz 



(2.9) 



(2.10) 
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We write 

m(J) := inf{ J(w) I w e TV} . (2.11) 

There exists a positive spherically symmetric and decreasing with \z\ solution 
U € ©^'^(M") of 

-AC/ = /'([/) in R", (2.12) 

such that J{U) = m{J) (see [10] and |8j). 
The function U^{z) = U (l) is solution of 

-e^AC/, = /(C/,) . 

For any (5 > we consider the subset of Me 

S,,5 := {ueK \ Jeiu) < m{J) + S} . (2.13) 

We recall now the definition of Palais-Smalc condition: 

Definition 2.5. Let J be a functional on a Banach space X. A sequence 
{ujn} in X is a Palais-Smale sequence for J if | J(u„)| < c, uniformly in m, 
while J'{um) strongly, as m — *■ oo. We say that J satisfies the Palais- 
Smale condition ((PS) condition) if any Palais-Smale sequence has a convergent 
subsequence. 

3 Ideas of the proof for the category theory re- 
sult 

We recall the definition of Ljusternik-Schnirclmann category (see [13]). 

Definition 3.1. Let M he a topological space and consider a closed subset A C 
M. We say that A has category k relative to M (cdXM{A) = k) if A is covered 
by k closed sets Aj, 1 < j < k, which are contractible in M and if k is minimal 
with this property. If no such finite covering exists, we let catM(^) = oo. // 
A = M, we write catM(M) = cat(M). 

Remark 3.2. Let Mi and M2 be topological spaces. If gi : Mi M2 and 
52 : M2 Ml are continuous operators such that (72 ° <7i is homotopic to the 
identity on Mi, then cat (Mi) < cat (M2) (see JBI)- 

Using the notation in the previous section, Theorem 11.11 can be stated more 
precisely like this: 

Theorem 3.3. There exists 5q e (0, m(J)) such that for any S G {0,Sq) there 
exists eo = eo(<5) > and for any e € (0, eo) the functional has at least 
cat (M) critical points u G Il\{M) satisfying Je{u) < m{J) + 5 and at least one 
critical point with Jc{u) > m{ J) + S. 

This theorem is a consequence of the following classical result (see for ex- 
ample [5]): 
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Theorem 3.4. Let J be aC^ real functional on a complete C^'^ submanifold N 
of a Banach space. If J is bounded below and satisfies the (PS) condition then 
it has at least cat( J'') critical points in J'^ , where J"^ :— {u ^ N : J{u) < d}, 
and at least one critical point u ^ J'^. 

More precisely, Theorem 13.31 follows from the previous theorem, Remark 1 3. 2 1 
and the following proposition: 

Proposition 3.5. There exists Sq € (0,to(J)) such that for any 5 G (0, (5o) 
there exists eo — eo(<5) > and for any e G (0, eo) we have 

cat (A/) < cat (E,,^) . 

In order to prove this we will present two suitable functions gi and 52- 
By the embedding theorem, we assume that M is embedded in R^, with 
N > 2n. 

Definition 3.6. We define the radius of topological invariance r{M) of M as 

t{M) := sup{/9 > I cat (Afp) cat (Af )} , 
where Mp := {z G | d{z,M) < p}. 

We can now show a function (j)^ : AI Yi^^g and a function /3 : E^^^ — > Mr, 
with < r < r{M) such that 

P o cj}, : M ^ Mr (3.1) 
is well defined and homotopic to the identity on Af. 

4 The function 0^ 

Next lemma presents some properties of the Nehari manifold. 

Lemma 4.1. (i) The set Mc (resp. Af) is a manifold. 

(a) For all not constant u G Hl{M) (for all v G I?^'^(R"), w ^ Oj, there exists 
a unique t^{u) > (t(v) > 0) such that te(u)u G AC (t{v)v G A/'j and 
Je{tt{u)u) (J(t{v)v)) is the maximum value of Je(tu) (J{tv)) for t>Q. 

(Hi) The dependence of t^{u) on u (of t{v) on v) is . 

For the proof see Lemma 3.1 in |8]. 

Let U be the function defined in Section [21 We write 

R 

Ur = U{z) with z G M" such that \z\ = — . 

e 

For any xq £ M and e > 0, we consider the function on Af 

^^^^ 1 C/,(exp-^i(x)) - (7^ if X G Bg(a;o,f?) , ^^^^ 
^^'^ I otherwise, 
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where R is chosen as in Reniark l2.1l (ii). 

The function Wxg,e is in Hf{M) and is not identically zero. Then, by the 
previous lemma, we can define 

xo ^ t,{Wx,^,{x))W,„,,{x) . ^ ■ ' 

The choice of the function <j)^ different from the one in ^ has been made for 
the fimction U can be not in L^(R"). 

Proposition 4.2. For any e > the map (pt : M ^ is continuous. For any 
6 > there exists eo > such that if e < ea 

for all xq Cz M . 

Proof. (I) The map (p^ : M Me is continuous. 
By Lemma l4.f I (Hi), it is enough to prove that 

j}^\\W^k,e - Wi^eWnliAI) =0. 

for any sequence {xk} in Af , converging to x. 

We choose a finite atlas C for M, which contains the chart C — Bg{x,R). 
The functions Wx^,e and Wx,e have support respectively on Bg{xk,R) and on 
Bg{x,R). Since Xk ^ x the set — [Bg{xk,R) \ Bg{x,R)] U [Bg{x,R) \ 
Bg(xk, R)] is such that pLg(Zj,) ^ as fc ^ 00. Then we have 

|V {Wxf^A^) - Wx^e{x))\^g d^ig ^0 as fc ^ 00 . 

We still have to check the integral on Bg{xk,R) n Bg{x,R). We write = 
exp7^{Bg{xk,R) n Bg{x, R)) and %(z) = exp-^{exp^{z)) 

|V [Wx,A^) - WxAml dfig = / |V [UMz)) - Ue{z)]\l^^^ \9x{z)\^dz 

<^ f \V[UMz))-Ue{z)]fdz. 

" JAk 

Since r]k{z) tends point-wise to z and VU^ is continuous, | V[[/e(?7fe(z)) — t/(:(2:)]|^ 
tends pointwise to zero. Applying Lebesgue theorem, we obtain that 

\\/[WxU^)-WxA^)]\ld^,g^o. 

M 

In an analogous way we have that HW^s^.e — Wx,c\\'L'i[M) tends to zero. 
(II) The limit of^S^.A^Wx,Ax)\]d^ig is \\U\\l,,,^^„y 
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To prove the second statementof this proposition, first wc show that 

J2 



hm — 



M 



(4.3) 



uniformly with respect to xq € M . 
We evaluate the following: 



M 



Bg(XQ,B) 



|V [C/.(exp-i(a;))]|'d/ig 



|V;7,(z)| 



IB(0,R) 

Changing variables, we obtain 



(z) ly^o 



5:^0(2)^^2; - 



(xs(o,-S)(2)5^i(e2)l5xo(e2)l^ - <5'^' 



9C/ dU 



dz 



where Xb(^o fi)('^) denotes the characteristic function of the set B (O, and 

where S^^ is the Kronecker delta (it takes value for i ^ j and 1 for i = j). The 
previous integral is bounded from above by the following sum 



B(0,T) 



(xB(o,f )(^)5x'o (£2)15x0 (e^) I ^ - 



dU dU 
dzj dzi 



dz 



'\b(o,t; 



with T > 0. It is easy to see that the second addendum vanishes as T — s- 00. 
As regards the first addendum, fixed T, by compactness of the manifold M and 
regularity of the Riemannian metric g the limit 



lim 

€^0 



= 



holds true uniformly with respect to xq G M and z e 5(0, T) and (|4.3p is 
proved. 

(Ill) There exists ti > such that t^ (W^o^e) ^ for any e G (0, 1] and Xq G M . 

Let ge.u{t) = Je{tu). By Lemma [4.11 (ii), it is enough to find ti > such 
that for aU t e [0,ii] g'^ ^(t) > for all e < 1 and for all xq G M. Then we 
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look for a lower bound of g'^ {£) : 



e Jm e Jm 



B{OM) 



[i|VC/(z)|2 _ fitU{z) - tUn){U{z) ~ U.)] Is.oMI'dz . 

Using Remark 12.21 the fact that e < 1 and the properties of / (fl) and (f2), we 
obtain the following inequality: 



B{a,R} 



\VU{z)\^dz - ciH^' 



tP- 



U{z) - Ur 



dz 



U{z) ~ Ui 



dz . 



where Gf,, = |z G B (O, f ) | t (u{z) - Unj > l| and Lt^e = \^z e B (O, f ) 
t (^U{z) — Ur^ < l|. If < < 1, the following inclusions hold: 

Gt,e C |z e B (^0, I U{z) ~Uji>l 

c [zeB (0,- ) I Uiz) > i| c {z e M" I Uiz) > 1} = G. 



By these inclusions and the fact that 



U{z) -Ur < \Uiz) 



Gt.. 



U{z)-Ur dz< / tP-^\Uiz)\Pdz 



Let L = {z e M" I U{z) < 1}. We have 



it,. 



[/(z) - Ur 



dz ~ 



Lns(o,f ) 



U{z) ~ Ur 



dz+ t"-^ 



U{z) ~ Ur 



dz 



< / t«-i|C/(z)|«dz+ / tP-i U{z)-Ur 

< I t'?^i|C/(z)|«dz+ / t'P-^\U{z)Y'dz. 



dz 



We conclude that 



with 7i,73 positive constants and 72 nonnegative constant. This proves the 
existence of ii. 
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(IV) There exists t2 > such that t^ {Wxq,^) < ^2 for any e G (0, 1] and xq € M . 

If M is a function in the Nehari manifold Me, we have that Jc(u) — F^^mIu), 
as defined in (|2.9p . Then by property (/I) Je{u) is positive. By Lemma Wl] (ii). 
it is enough to find t-z > such that for aU t > ^2 JeitWx^^e) < for aU e < 1 
and for all xq E M . Then we look for an upper bound of Jc{tWxa,e)'- 



^£ Jm £ Jm 



B{0,R) 



^|Vf/e(.)|L,(.) 



tUn 



\9xoiz)\''dz 



< 



B(0,f ) 

H^t^ 



\gxo{ez)\'^dz 



2h 



\\U\\i..2^^.)~coh^ tP U{z)~Ur 



Gt., 



dz — co/i2 / 



U{z) - Un 



dz. 



If we consider t > 1 and f/^; = [/ (z) with z G M" such that \z\ = R, there holds 



tP 



Gt,. 



U{z) - Ur 



dz 



> tP 



U{z) - Ur 



dz 



U{z) - Ur dz 

U{z) - Ur 

GtAGl.e 



dz 







q f 




Q 


L 


U{z) - Ur 


dz — 


U{z) - Ur 


dz 






JLi,,\Lt,, 







> tp 



> fp 



> tp 



tp 



Gi.. 



U{z) - Ur 



dz 



U{z) ~ Ur 



dz 



Gi,,nB(0,fl) 



Gi,,nS(o,fl) 



U{z) - Ur 



U{z) - Ur 



dz 



dz 



Li,,ns(o,fl) 



Li,,nB(0,fl,) 



U{z) - Ur 



U{z) - Ur 



dz 



dz 



Gi,i 



U{z) - Ur 



dz 



Gi,,nB(0,i?)\Gi.i 



U{z) - Ur 



dz 



U{z) - Ur 



dz 



Li,i\Li, 



U{z) - Ur 



dz 



> fP 



Gi. 



U{z) - Ur 



dz 



U{z) - Ur 



dz 



So Je{tWxa,c) < 74^^ — 75^^ with 74 , 75 positive constants and for t big enough 
it is negative. 
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(V) The parameter {Wxg,e) tends to 1 for e tending to zero uniformly with 
respect to Xq £ M. 

By the previous steps te{Wxo,e) € [ti,i2] for any e G (0,1] and a;o S 

M. Let us write tx„.c = t^ (Wxo,<i)- Then there exists a sequence efe ^ 
for fc ^ oo such that tx„.f_^ converges to t*^^- Then by step (II) we have 

linife^oo j| /m \txo,eu^Wxa,eu{x)\g diig = ||i^oC/||pi,2(R„). By definition we have 



= \ I /'(t.o,..K(^)-C/«))t.o,..(t^e.(^)-C/H)|5xo(^)l^c;^ 

Efe Jb{o,r) 

= / f'{tx,,ek{U{z)-Un))t,,,,,{U{z)-Un)\g,,iekz)\idz 

= / XBiO,JL){z)f'{txo,ek{U{z)-Un))tx,,ek{U{z)-UH)\gxo{ekZ)\Uz. 

The integrand point-wise tends to f {t*xJJ{z))t*xJJ{z) for A; tending to infinity 
and is bounded from above by a function in L^(]R") as follows: 

XB(o,^)(^)/'(i.-o,..('^(^) - U^))tx,^,,{U{z) - U^)\gx,{tkz)\^ 
< HixBio.^JL)(z)f{t2{U{z) - UjL))t2{U{z) - Ujl) 

CiH^tP{U{z) - Un_Y ift2{U{z) - U_r) > 1 and \z\ < f- 



< < 



CiH^tl{U{z) - UjlY if t2{U{z) - Ur) < 1 and \z\ < ^ 
otherwise 



ciHttf {Uiz)f if t2(U{z) - Ur) > 1, U{z) > 1 and \z\ < f 



< I 



< 



ciH^tl{U{z) - Ur_Y i{t2{U{z) - Ur) > 1, U{z) < 1 and \z\ < 
ciH^t^{U{z) - uly \{t2{U{z) - ul) < 1, U{z) > 1 and \z\ < f 



ciH'itl {U{z)f if t2{U{z) - U^) < 1, U{z) < 1 and \z\ < ^ 

otherwise 

ciH^tl{U{z)Y \iU{z)>l 

ciH'itl {U{z)Y if U{z) < 1 



<^l^/(f/(.)). 

Co 

Then by Lebesgue theorem limfc^oo ^ /m /' (^^o.e^W^xo.eJ txo.ej, W'^o.e*, ^^/"s = 
k^ntl,U{z))tl^U{z)dz. By the fact that C/ e and ||tJ„C/|||,i,2(M„) = 

f {t%^^U {z))t%^p {z) dz, we conchidc that = 1. 

To prove that the convergence is uniform with respect to G M, we show 
that Y\m^^QS\iY>x^M \'tx,e — 1| =0. For any e there exists x{e) G M such that 
suPxeM \tx,e ~ 1| = \tx{e),€ ~ M- compactness there exists a sequence Cfe — > 
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for fc ^ oo such that x{ek) tends to G M. Let us fix 77 > 0. There exists ko 
such that for aU fc > fco \tx,,ek ~ M < 3- Possibly increasing fco we also have 



that for all fc > fco and h> k - tx{e^),ek 

such that for all h > |tx(eh),Cfc ~ i-' 



< |. Finally there exists ho 
< ^. Summing the three terms one 



has that \tx(e^,),ek ~ M < V foi' all fc > fco- 
(VI) The limit of^ Jj^J{t,,^,W,,,,) d^g is J^„fiU)dz. 

Changing variables and using mean value theorem, we have 

1 



M 



B(0,f) 



f{Uiz)-Un) 



+ {t,,„e - l)f' {Qx„A^^){U{z) ^ Um)){U{z) ^ Um)] \g,„{ez)\Uz, 

where Qxo,e{z) = {OxoA^Yxo.e + 1 - OxoA^)) with a suitable < O^oA'A < 1- 
We want to prove that 

/ f{U{z)-Un)\gxo{ez)\Uz^ [ f{U)dz 

JB(0,-f) ' JB" 

- l)f'{QxoAz){U{z) - Un)){U{z) - Uu)\gx,{ez)\^dz 

B(0,f) 

uniformly with respect to G M. 
It is easy to see that 



(4.4) 



/ f{U{z)~Un_) \gx,(ez)\^-l 



dz^O 



uniformly with respect to xq S M. The function Xb(^o £) ^ ^-^s) tends 

pointwise to f{U{z)) for any z £ R". Moreover 

r f{U{z)-U.Y if(7(z)-^H >1, |z|<f 

XB(o,f)W/(t^W-t^f) ^ S fiUiz)~UMy if (7(z)-C/^ < 1, |z| < I 

I otherwise 

f{U{z)-UnY ifL/(z)>l, |z|<f 

f{U{z)-Uj,y ifL/(z)<l, |z|<f 

otherwise 



< 



< 



-iU{z))P ifJ7(z)>l 
-(f/iz))? ift/(z)<l 



< ^f{U{z)) 

Co PL 

and by Lebesgue theorem we obtain the first limit in (|4.4p . The function of t 
f'(tu)u is increasing in t, since its derivative is f"{tu)u'^ > 0. Then we have 



-B(o,f ) 



/'(e,„,e(z)([/(z) - Un)){U{z) - C/H)|.g,„(ez)|5dz 



< 



-8(0, f) 



f'{{t2 + l)iU(z) - Ur)){U{z) - Un)dz . 
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By the usual standard inequalities, the previous integral is bounded from above 
by co(t^+i) /r" fii'^2 + ^)U{z))dz and the second limit in (|4.4p is proved, because 
of (V).' 

(VII) Conclusion. 

By (II), (V) and (VI) we obtain that Jei^Xo)) tends to J{U) = m{J) for 
e tending to zero uniformly with respect to xq- This completes the proof. □ 

Remark 4.3. By the previous proposition, in particular we know that, given 
S > 0, for any positive e sufficiently small 'Ete,5 is not empty. 

5 The function (3 

Given a function u G LP{M), u ^ 0, it is possible to define its centre of mass 
P{u) e by 

/^(^) = ^ft/y- , (5.1) 

where 

^u) = ^r{u)u-f{u). (5.2) 

By the properties of /, ^(s) > for all s ^ 0. To prove that (3 : .5 — > Mr(^M) 
(see Section [3] and Definition 13. 6p . we use the fact that the functions in S^^^ 
concentrate for e and S tending to zero. 

First of all we find a positive inferior bound for the functional on the 
Nehari manifold. Let us denote 

rUe — inf Je{u) . (5.3) 

It is easy to see that 

inf \\u\\hUm) > 

(the proof is analogous to Lemma 3.2 of |8j) and, since the manifold M is 
compact, that the infimum nit is achieved. 

Lemma 5.1. There exist positive constants a and eg such that for any < e < 
eo the inequality > a holds. 

To prove this lemma we need the following technical lemma (for the proof 
see the Appendix). 
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Lemma 5.2. For any r S (0,r(M)), there exist constants ki, k2, k^, ^4 > 

such that for any u G H\{M) there exists v G D^''^(Mr) such that v\i\i = u and 

(5.4) 

(5.5) 

(5.6) 
(5.7) 



Mr 



Mr 



|i2 

'^llr'i.2(Af^) 


< 


ki 


j \yu\ld^lg, 

JM 


f{v{z))dz 


> 




/ f{u{x))dng 
Jm 


f{v{z))dz 


< 


h 


/ f{u{x))d^g 
Jm 


W^Wi^iMr) 


> 


fc4| 


L2(A/) • 



Proof of Lemma \5.1\ By definition is the infimum of Je(w) on the Nehari 
manifold Nc ■ If u G we have 

Rescaling it, it is easy to see that me is greater than or equal to the infimum of 
the functional — ^ ^t^ Jj^^ \ Vw\gd^g on the set of the functions w G H2{M) 

such that ^ Jiii fi"^) dfJ-g — 1 and where = t^{w) is as in (ii), Lemma 14.11 
First of all, we check that there exists a constant a > and for such functions 
w it holds ^ 

f \ww\ldf^g>a. 

£ Jm 

By Lemma [5.2[ for any function w there exists a function v G 2?^'^(Mj.) such 
that dsn) and jEHl) hold. We consider v G ^^'^(R^), defined as v{y) = v{y) for 
all y e Mr and v{y) ^ for all y G \ M^. We can now consider the following 
rescalement V{y) = v{e'^y) with a — 2^jv-(jv^^2)p - ^^'^ ^'^^ denominator is 
equal to 0, we can choose a bigger N . We have: 

2 t ,, , / „,^r, , r 



V^||pi.2(RiV) = -^||w||pi,2(M,) and / f{V{y))dy ^ -j^ f{v{y))dy 



Mr 



By these equalities, (|5.4p and (|5.5p . we have 

/■ ,^ ,2 , _ ^IM\'^<d^,g kl ^Mll.2^Mr 

vw\ afig — 2 — 



e" Jm ^ f± r f(nn\rln \p ^ 



±J^Jiu^)d^gy (_L;^^_ /(,)rfy)^ 

2 ^{N-2)o- II II 2 — II II 2 



(5.8) 



We show now that for e sufficiently small we have /jjjv f{V) dy < 1. In fact, by 
there holds 



f{V) dy^^ j f{v{y)) dy<^ f f{w) dtig 

e JMr e J^J 
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By definition of a liniAr^oo — ^"~2^-p ^"'^ < ^'^d so there exists N suffi- 
ciently big such that n — Na > 0. 

Since Jj^jv dy is an increasing function of t for positive t, there exists 

U > 1 such that Jj^^ f{UV{y))dy = 1. Let V^{y) = UV{y) for any y e M^. 
With the usual computation we obtain 



f{V{y))dy 



f[Y^*{y)]dy 



Cl 



'{yeR« I \V.{v)\<t,} t* 



ir\v4yWdy 



< 



Cl 



M \^{ijeR" I |v.(a)|>i} t* 



Tpmy^dy 



< 



Cl 



Cl 



-P 



Concluding we have that the last term in 



{aeR" I \V.{y)\<l} 



is equal to 



T^lVMl'dy 
1) / 



^||K||pl,2(RJV) 



ki 



Cl / 



which is bounded from below because (see [TO]) 

inf ||l^|lci,2(R«) =a>0. 



/rN /(V) <i»=l 



We still have to show that is bounded from below by a positive constant. 
By the properties (fl) and (f2) we have 



4r / f'{t,w)t,wdfig < ^ [ \t^w{x)\Pdfig 
e Jm £ \_J{xeM I \t,w(x)\>i} 



< 



< 



Cl 

e" 
ciff 



I {xeM I |u)(2:)|>l} 

f{w{x))d^ig = ^ 

co<^ Jm Co 



/ |t,u;(a:)|«d/^g 

l{xeM I |t,-!i)(2;)|<l} 



/ |tew(a;)|''(i/Xg 

'{iGA/ I |u)(2:)|<l} 



where the last equality is due the property of the functions w. Since t^w € JV^, 
^ Jj^ f'(tew)teW dfXg — ^-pr [^wlgd^g and by the previous inequalities we 
have 

,2 r 



Cl e" Jm '9 - Cl 



□ 



and this completes the proof. 

In the following lemma for every function u G AC it is stated the existence 
of a point in the manifold where u in some sense concentrates. 
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Lemma 5.3. Let C he an atlas for M with open cover given by Bg{xi,R), 
i = 1, . . . , A, and partition of unity {4'i}i=i...A- There exists a constant 7 > 
such that for any < e < eo, where eo is defined in Lemma [K7[ if u ^ there 
exists i = i{u) such that 



e 

2e" 



-nu)u-f{u) 



dflg>J, 



(5.9) 



f{u) dflg>-/. 



Proof. Let u be in A/'e. We assume that C — {Bg {^i, ^)} ^ is still an 
open cover (otherwise we complete C). Let {tpi}i=i...A be a partition of unity 
subordinate to the atlas C. If F^,m{u) is as in (12. 9p . it is possible to write 



-nu{x))u{x) - f{u{x)) 



dfig (Je(u))' 



By this inequality and Lemma 15.11 we conclude that 



max F „ / H^(^i) > —JJu) > , . 
l<i<A «.-Bs(.^i.-J^ ^ - A ^ ^ ~ A 

The second equation in (|5.9p is proved analogously. □ 

In the following proposition the concentration property is better specified. 

Proposition 5.4. For any rj G (0, 1) there exists 6q < m(J) such that, for any 
S G (0, Sq) there exists eo = eo('5) > and for any e G (0, eo) with every function 
u G Se^5 it is associated a point xq — Xo{u) in M with the property 



F 



The proof of this proposition needs the following lemmas. The first lemma 
we need is the splitting lemma proved in iSJ (Lemma 4.1): 

Lemma 5.5. Let {vk}keN d M be a sequence such that: 

J{vk) ^ m{J) as k 00 , 

J'(wfe) 171 pi'^^R") ask ^00. 



Then 
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• either Vk converges strongly in D^'^^Rn^, 

a ground state solution of 

• or there exist a sequence of points {y/c}fceN C M" with \yk \ ^ oo as k ^ oo, 
a ground state solution U of h2.12\) and a sequence of functions {f°}fcGN 
such that, up to a subsequence: 

(i) Vk{z) = vl{z) + U{z - Vk) for all z € R"; 
(a) v1 ^ as k oo m V^''^{R"'). 

Lemma 5.6. Let efc and Sk be two positive sequences tending to zero for k 
tending to infinity. For any k N let Uk be a function in Se;,,^^ such that for 
any u G Hl{M) 

\J'c^{uk)(u)\ = o {^\\u\\hI(m)^ ■ 

There exist a sequence {xk}ken of points in M and a sequence of functions Wk 
on M", defined as 

Wk(z) = Uk{exp^^{ekz))xjL{\z\) , (5.10) 

such that the following properties hold: 

(i) There exists w € I?i'2(R") such that, up to a subsequence, Wk tends to w 
weakly in V^^'^{W) and strongly in Lf^^(R"). 

(ii) The function w is a weak solution of —Aw — f'iw) on R". 
(Hi) The function w is a ground state solution, 
(iv) The following equality holds 

lim Je^iuk) = m{J) . 



Proof. To get started we consider Xk to be the points in M such that Uk has 
the property (|5.9p . We will be more precise in point {Hi). 

(i) It is sufficient to prove that the sequence Wk is bounded in I?^'^(R"). We 
write: 

lkfc|lx)i.2(R") = / , , \Wwkiz)\'^dz 

<2 [ |VK(exp,^(efcz))]|2 

2 

[ufe(exp^Jefez))]^(iz = h + I2 . 



- ^ 



dz 



f 


x'«(l^l) 


Jb(o.-S-) 
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We consider the following inequality: 



Moreover the following inequality holds 



|Vufc(exp^Jz))|g (^)|5r:,Jz)|2dz 

^k Jb{o,r) 

(5.11) 

H Jb 0.-S-] 2iJ 



/2<^ ^^[ukiexp^^iekzWdz 



/ K(exp, fz))]2d^ (5.12) 



{uk{x)) d^g 



h2R^q jb,(x,m) 



Je,{uk) > 



By (|5.1ip and (|5.12p , we have that the sum Ii + I2 is bounded by a constant 
2 

times We show then that this quantity must be bounded. Since 

Uk G '^ek,Sk and 

the right hand side of the preceding inequality must be bounded. We still have 

2 

to check that ^||Mfc|||2(jv^) is bounded too. In fact, by (|5.7p in Lemma [521 we 
have a sequence Vk of functions in T>^''^{Mr) and 

;|||^^fc|li2(M) < T^WvkWh^M^) < Y^WvkWlia^Au) < / \Vuk\ldtig , 

^k '^i^k '^i'^k '^i^k JM 

where C is the constant in the Poincare inequality and we have used (j5.4p in 
the last inequality. 

(ii) First of all we prove that for any ^ e C^(M") J'{wk){i) tends to zero for k 
tending to infinity: 



J'iwkKO^ ^Wk{z)-Waz)dz- f{wk{zmz)dz 



\/[ukiexp^^{ekz))xjL{\z\)] •V^(z) - /'(ufc(exp^ Jefez))xjL (|z|))C(^) 
= / [V [ufe(exp^Jefez))] • (2:) - /' (ufc(exp^^ (efez))) ^(z)] , 



dz 
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where in the last equahty we have used the fact that for k sufficiently large for 
any z in the support of ^ X-S. (I-^I) = 1- Now we define the function in ifj 
as follows: 

otherwise. 



\fx e Bg{xk,R) , 



Then we want to write 



-k JM 



1 



-It / 



where i?fc is an error. By hypothesis 

.^k ^ ^ ^k 



M 



= o\—mHi 

e, 



(M) 



= Oi 



))• 



Now we have to check the error 

\Ek\ 



/ [V [wfe(exp^^ (efez))] • V^(z) - /' (Mfe(exp^^ i^kz))) ^{z)] dz 
- / 9xJ'^Ukix),Vik{x))dfj,g- ^ [ f {uk{x)%{x) djig 

^k JM ^ ' ^k JM 

V [Mfe(exp^Jeft2;))] • Wi{z) dz - ^ f g^^ (vuk{x), V^fe(x)) dfig 

^k JM ^ ' 

f {uk{exp^^{€kz))) ^{z) dz - ^ [ f {uk{x))lk{x) dfig 

^k JM 



< 



= \Ei^k\ + \E2,k\ ■ 
For the first term we have 



\Ei,k\< 



{5^^ - g^^^{ekz)\g,,{ekz)\-^) 



d[uk{e^p^^{ekz))]d(,{z) 



dzi 



dz , 



where E denotes the compact support of ^. The limit 

lim \S'^ -gi{{ekz)\g,,{ekz)\i\=0 

fe— »(X) 

is uniform with respect to 2; e S. Since 

d[uk{exp^^{ekz))] d^iz) 



L 



dzi 



dzj 



dz < ||ufc(exp^^(efcz))||x,i.2(H)||C||x)i.2(R") 



and for k sufficiently large 



L 



VK(exp (efc2:))]| dz< 



H e 



< 



k 
n 

k Jm 
(/i- 2)/it 



Je^Uk) < 



4:fiHm{J) 
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we conclude that \Ei^k\ tends to zero. For the second term we have 

\E2,k\= j^{^-\9x,{ekz)\^) f {uk{exp^^{ekz)))^iz)dz . 

As before, lim/j_>oo Idxki^kz)]^ is 1 uniformly with respect to ^; e S and 

\f (wfe(exp^^(efez)))^(z)| 



< 



{zeH I |ufe(exp^^(efcz))|>l} 



+ 



7 



\^dz\ ' IICII 

. 9-1 



'{zes I |«)s(exp^^(efcz))|<l} 



|/'(Mfe(exp^^(efez)))|'-^ II^IIl.cr'.) . 



It is easy to see that there exists a positive constant C such that the right side 
is bounded from above by 



C 



J^f'{uk)ukdiJ,g] ||C||lp(r") + ( — / /'(wfe)ufed/Xg ) ||^||l9(R") 



1 



< c 



2/x 



(m(J) + l) ||C|Up(r.) + 



^k Jm 

2fi 



2 



(m(J) + l) ||C|U,(R.) 



and this proves that |£^2,fc| tends to zero. Our second and last step is to prove 
that for any ^ e C^(R") J'(wfc)(C) tends to J'(w)(0 for k tending to infinity. 
It is immediate that J^„ Vwfe • V^dz tends to Jg^„ Vw ■ dz. By mean value 
theorem there exists a function 6{z) with values in (0, 1) such that 



/ 



\f{wk{z))-f{w{z))\\az)\dz 



= [ \f"{e{z)wk{z) + (1 - e{z))w{z))\ \wkiz) - w{z)\ \az)\ dz . 
By Holder inequality the righthand side is bounded from above by 

\\wk - «^IU.(H)II^IUnH) ( [ \f"{eiz)wk{z) + (1 - e{z))w{z))\^^dz^ 

\JR" y 

where \\wk — w||/,p(h) tends to zero by (i). Besides we have 

\f"{e{z)wk{z) + (1 - e{z))w{z))\^^dz 

<ci [ \9iz)wk{z) + (1 - 9{z))wiz)\Pdz + civol (S) 
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and this quantity is bounded by a constant. 

(in) Let tk = t(wk) be the multiplier defined in (ii), Lemma 14.11 First of all 
we prove that there exist < ii < 1 < ^2 such that for all k ti < tk < t2. Let 
gwit) = J{tw). By Lemma [4. II (ii). it is enough to find ti > such that for all 
t G [0, h] g' (t) > for aU fc € N. There holds 



i{t)^t \Vwkiz)\^dz^ f'{twk{z))wk{z)dz 



>t \Vwk{z)fdz- 



citP- 



f{wk{z))dz. 



Since we have 



\\/wk{z)\^dz> ^ 



\Vuk\ldfj,g 



> 



2h 



1 



2h 



where we have used the second equation of (|5.9p . and 

1 



f{wk{z))dz < 



k JB,{xk,f) 



f{Uk) d^g 



< 



^^(M-2)e'feWi3,(,,,«) 



^.f'{uk)uk - f{uk) 



dug < 



2(m(J) + 1) 
/it (^-2) ' 



then there exist Ci.C^ > such that g'^ki'^) > C*!^ ~ ^^^^ ^- So we consider 

If V is a function in the Nchari manifold J\f, J{v) = i^K"(w), as defined in 
(|2.10p . Then by property (/I) J{v) is positive. By Lemma HTTl (m). it is enough 
to find t2 > such that for all t > t2 J{twk) < for all fc e N. Since 



\Vwk{z)\''dz^ / f(twk{z))dz 



J{tWk) 



and we already proved that {wfejfegN is bounded in I?^'^(M"), wc still have to 
bound the second part for i > 1 



fitwkiz))dz>cotP\ \wk{z)\Pdz+ \wk{z)\'^dz 

yj{2GR" I \wk{z)\>l} J{z£TS." I |u)fc(z)|<l} y 

> / f"iwk{z)){wk{z) f dz > FRr,{wk) 
ci Jr„ ci - 2co 



> 



2cot^' 



2007^" 
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where we have used (15.91) . So there exist C3, C4 > such that J{twk) < C^t'^ ~ 
1 

dtp and t2 - (gf ) . 

By the boundcdncss of we conclude that up to subsequences converges 
to t for k tending to infinity. 

We apply the splitting lemma (Lemma 15. 5p to the sequence tkWk- Then in 
the first case we have that tkWk converges strongly in 'D^-'^{W^) to a ground 
state solution w. It is easy to see that tkWk weakly converges to tw, in fact for 
any ^ e Cff (K") there holds 

/ V{tkWk-iw)-V^ ^ / V{tkWk-twk) V{twk-tw)-V^ 

JR" JR" JR" 

< \tk - ^|||CI|pi.2(R")||Wfc||-pl.2(R„) +0(1) ^ 0(1) . 

We can conclude that w = tw. In particular w ^ and by the fact that both w 
and w are in Af, t = 1 and we have finished. 

Otherwise, there exist a sequence of points {?/fe}fcGN tending to infinity, a 
ground state solution U and a sequence of functions such that, up 

to a subsequence tkWk{z) = w^{z) + U{z — yk) for all z e M" and w° tends 
strongly to zero. We consider three different cases; linifc^oo l^/fcl — ^ = 2T > 0, 
limfe_oo \yk\ — = and limfe^oo — \yk\ — 2T > Q. In the first case, since 
by definition Wk = in M" \ S (o, , wl{z) = -U{z - yk). Then we have 



\Vwl{z)\^dz= \VU{z~yk)\^dz 
> / \VU{z-yk)\^dz^ f \VU{z)\''dz>0 

JB(yk,T) Jb(0,T) 

and this is in contradiction with the fact that w^l tends strongly to zero. If 
limfe^oo \Vk\ ~ — ^1 let 7r(?/fc) denote the projection of yk onto the sphere 
centred in the origin with radius — and T > 0. Then 

\VU{z~n{ykWdz^[ |VC/(z)|2dz 

{2eB(7r(yO,T) | \z\>^-] J {zeB{0,T) \ | > Jl } 



> min / \WU{z)fdz = C > 

C^S" J(zeB(O.T) I z-C>0\ 



Ce-S" j{ze_B(o,T) I z-c>o} 

where S'" is the unit sphere in R" and z • C is the scalar product in R". Similarly 
to the first case we have 



\\/wUz)\'dz^ \VUiz-yk)\^dz 
'\b(o,^) A"\b(o,^) 



> L , \WU{z~yk)\'dz 

'[zeB{y^,T) I \z\>^} 

|Vt/(z-^(j/fc))|2dz + o(l) 

{zeB{7.(y,),T) I \z\>^} 
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and this is greater than ^ for k sufficiently large, which is a contradiction. Fi- 



nally, if lim^;- 



— \yk \ = 2T > 0, for k sufficiently large T) is contained 



in B 



There holds 



B{vk,T) 



1.' 



f{U{z - yk))U{z - Vk) - f{U{z - Vk)) 



dz 



B{0,T) 



f{U{z))U{z)-f{U{z)) 



dz = 'yo > ■ 



We consider the new sequence of points 

Xk = exp^Jefcyfe) e Bg{xk,R) ■ 

For any k sufficiently large, let U{xk) be the neighborhood of Xk defined as 
exPxfe(efe-B(2/fe,7')), then 



-J 



-I 



f'{Uk)Uk - f{Uk) 



dflg 



-/'(Ufc(exp,j0)))Mfe(exp,Jz)) - /(ufe(exp,^(0))) 



\9xdz)\^dz 



B{yk,T) 



1./ 



/ {wk{z))wk{z) - f{wk{z)) 



dz . 



Since tk S {ti,t2) and using the properties of the function / we obtain 



B{yk,T) 
> 



> 



dz 



Bivk.T) 

- 2)co 



o/' —Wk{z) —Wkiz) - f —Wkiz) 



tk 



t2 



dz 



2 Ib{ 



(Ci - 2co)tl jB{yk,T) 

By the splitting lemma we have 



l^f {tkWk{z))tkWk{z) - f{tkWk{z)) 



dz . 



L 



B(yk,T) 
f 

B{yk,T) 



-^f{tkWk{z))tkWk{z) - f{tkWk{z)) 



dz 



^f'{wUz)+U(z-yk))iw°{z)+U{z-yk)) - f {wl{z)+U(z-yk)) 



dz 



Ibi 



lf'iU{z - yk))iU{z - Vk)) - f{U{z - Vk)) 



'B{yk,T) 
= 70 + o(l) . 

So we have proved that for any k sufficiently large 

1 

% Ju(xk) 



dz + o(l) 



:f'{uk)uk - f{uk) 



djJLg > ^0 > . 



(5.13) 
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By definition, for k big enougli U{xk) is contained in Bg{xk,R) and so we can 
substitute Xk by Xk and Wk by Wk, defined as in (|5.10p with the new choice of 
points. Steps (i) and (ii) are independent of Xk (provided Wk is not identically 
zero) and so Wk tends weakly to a weak solution w. It is possible to see that 
there exists T > such that for any k U{xk) C Bg{xk, ekT). Then we have 



B{Q,T) 



-f'{wk{z))wk{z) - f{wk{z)) 



dz 



> 



> 



k JBgixk.^kT) 



1./ 



f {ukix))uk{x) - f{uk{x)) 



f'{uk{x))uk{x) - f{uk{x)) 



By (|5.13p and by the strong convergence of Wk to w in LP{B{Q, T)), we conclude 
that 



f'iwiz))w{z)-fiw{^)) 



dz > 



7o 



/B(0,T) 

and so w ^ and w E J\f. 

From now on we will write as before Wk instead of Wk , Xk instead of Xk and 
w instead of w. The last step is to verify that J{w) — m{J). Let us consider 
the following inequalities 



m(J) + 4 > Jtk{uk) 



1 



f'{Uk)uk ~ f{uk) 



dflg 



> 



-f'{Wk)Wk - f{Wk) 



\gxA^kz)\^dz . 



(5.14) 



We define the sequence of functions in 



Fk{z) 



l^f'{wk{z))wk{z) - f{wk{z)) 



\gxA<^kz)\^ 



By (|5.14p this sequence is bounded in L^(R") and there exists a weak limit 
F eL'^{W^). We prove that 



F{z) 



-nw{z))w{z)-f{w{z)) 



(5.15) 



Let ^ be in C^(R"). On S, the support of ^, Wk strongly converges to w in 
LP(S). So up to a subsequence Wk(z) converges to w{z) almost everywhere. 
Then pointwise 



Fk{z)a^) 



\f'{w{z))w{z)~f{w{z)) 
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for almost every z £ 5. We can now apply Lebesgue theorem. In fact, there 
holds 



\F,iz)\\az)\< 



(t - co)^ \w,{z)\^(iz)\ if \wk{z)\ > 1 
Hf ^ coy \wk{z)m^{z)\ if\wk{z)\ < 1 



<H^ (^|_coj'(l + K(z)|«)|e(z)| 

and, since Wk converges strongly to w in L?'(S), there exists W G LP{E) 
such that for all k \wk{z)\ < W{z) almost everywhere and |Ffc(z)| |^(2;)| < 

Ht: {f - co)^ (1 + {W{z))^)\^{z)\ e L^iE). So (ISTB is proved. By weak 
lower semicontinuity of the norm 



IFII 



< liminf ll^^fclli^ 



that is 



/ 



-f'{w)w ~ f{w) 



dz < liminf 

k — )-oo 



-f'{wk)Wk ~ f{wk) 



\gx^iekz)\^dz . 



By this inequality and ()5.14|) we conclude that 
m{J) — lim •m{J) +5k> lim J^^{uk) 

k — *oo k — *oo 



> liminf 

k — >oo 



-f{wk)Wk - f{Wk] 



\gxA^kz)\^dz 



> 



-f'{w)w - f{w) 



dz > m{J) . 



(iv) The equality is immediate from (|5.14|) . 

We recall here Ekeland Principle (see for instance [12|). 



□ 



Definition 5.7. Let X be a complete metric space and 5* : X — > M U {+cxd} be 
a lower semi- continuous function on X , bounded from below. Given rj > and 
u G X such that 

< inf 4- ^1 , 

uf^x 2 

for all X > there exists u\ (z X such that 

*(ma)<*(w), d{ux,ii)<X 
and for all u u\ it holds 

^'(ua) < ■i'iu) + jd{ux,u). 

Remark 5.8. 1. We apply Lemma \5. 61 when Uk is a minimum solution £ 
Me^, Je^{uk) ~ rn^^. By (iv) we have limk—foc 'm-tk — ^(J)- 1^ particular 
for any S > there exists eo — eo i^) > sufficiently small such that for 
all e < Co {"Tie — '7i(J)| < S. 
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2. Applying Ekeland principle for X — with e < eo('J) as in 1, we obtain 

that for all u G S^^a there exists us G such that 

Je{us) < Je{u), -^\\US - m||h1(M) < 4\/^ 



£2 



and for all u £ TY^^^s 



ke'MHI<^ll^llH|(A/). (5.16) 

Proof of Proposition We choose eo(i5) as in point 1 of Remark l5.8l We also 
assume that eo(<^o) is less than eo in Lemma [23] 

By contradiction we assume that there is ryo G (0, 1) such that there exist 
two positive sequences {(5fc}feeN, {cfclfeeN tending to zero as k tends to infinity 
and a sequence of functions {wfcjfegN, with Uk G Sf^..^^, and for any x € M 

By Ekeland principle for any k we can consider Uk as in 2 of Remark 15.81 
Property (|5.17|) becomes 

with 771 still in (0, 1). To prove this we have to evaluate the difference 



^f'{uk)uk ~ f{uk) ~ ^f'{uk)uk + f{uk) 



1 

which by mean value theorem can be written 



A: / \f"{ul)ul- f'{ul)\\uk-Uk\d^ig, (5.19) 
^Cfe Jb 

where B is Bg [x, and w^(x) = 6{x)uk{x) + (1 — 0{x))uk{x) for a suitable 

function 0{x) with values in (0, 1). By Holder inequality ()5.19|1 is bounded from 
above by 

We prove that the first factor is bounded and the second one is infinitesimal. In 
fact, we have 

7^-2 

<C^\\uk-Uk\\miM) <4CV5. 



(A/) 
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The proof of the bound 



1 



- / \f"{ul)ul-f'{ul)\—^d^^,<C 
Jb 



(5.20) 



for a positive constant C can be found in the Appendix. 

We apply Lemma [5.61 to the sequences {(5fc}fcgN, {e/clfceN and {-SfcjfcgN, ob- 
taining a sequence of functions on R" {wfcjfeeN (it is easy to see that (|5.16l) 
holds for any u e Hl{M)). Let w be the weak limit in I?^'^(R") of Wk- Let 772 
be a constant in (0, 1) such that 772 > ^-^j^- Since J(w) — m{J), there exists 
T > such that 



B(0,T) 



-f{w{z))w{z)-f{w{z)) 



dz > rj2'm{J) . 



(5.21) 



On the other hand, up to a subsequence, we have 



B(0,T) 



^f'{w)w - f{w) 



dz = lim 

k — >oo 



B(0,T) 



^f'{Wk)Wk - f{Wk) 



dz 



1 



lim — 



i/'(ufc o exp^Jiifc o exp^^ -f{uk o exp^ 



(5.22) 



dz . 



By compactness the sequence Xk converges (up to a subsequence) to x and for 
any z G B{0,T) the limit of \gx^.{ekz)\^ for k tending to infinity is |(7s(0)|2 = 
1. Since G (O;!)? fo'' ^ sufficiently big for any z e i?(0, efeT) we have 



\9xk 
1 + 



z 2 > 



lim — 



So the last hmit in ((02)) is less than 
"1 



2?7i k^oa ek J B(0,ekT) 



-f {uk o exp^Jwfc o exp^^ -/(ufc o exp^J 



lim — 

2771 k^oo Ck JB(xk,<ikT) 



^f'{Uk)uk - f{uk) 



dflg < 



9xAz)\^dz 

1 + '71 / rx 

-^^"i(J), 



where we have used property (|5.18p . By this inequality together with (|5.22p and 
(|5.2ip we get 772 < -^-7^ wich is in contradiction with the choice of 772. □ 

It is now possible to prove the following proposition: 

Proposition 5.9. There exists 5q G {Q,m(J)) such that for any S £ (0,(5o) 
there exists eo — eo{S) > and for any e G (0, eq) o.i^'d u G S^^a the barycentre 
j3{u) is in M^^m) ■ 

Proof. By Proposition (53 for any 77 G (0, 1) and for any u G Se^a with e and S 
sufficiently small there exists a point a;o such that 



F 



Since w G Se a we also have 



^(:ro,^)(") > 7;77Z(J), 



F,m{u) < m{J) + S. 
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We define 



p{u{x)) = 



y'{u{x))u{x) - f{u{x)) 



Im [lf'i^ix)Mx) - f{u{x))] dfXg 
By the previous inequalities we have then 



L 



p{u{x)) dug > 



1 + 



m(J) 



We can now esteem 
\P{u) - Xo\ = 



{x- xq)p{u{x)) dfj,g 

Jm 



< 



, (2^,-,^0)/3(u(x))d/Xg 

r, ( r(M) \ 



, i^;Z-,^o)p{u{x))diig 

M\B,(xo,^) 



V 



1 + 



m(J) , 



where D is the diameter of the manifold M. For r] near to 1 and S sufficiently 
small we obtain e Mr(^M) ■ D 



6 The function 

We prove now that the composition 1^ of and /? is well defined and homotopic 

to the identity on M: 

Proposition 6.1. There exists eo > such that for any e € (0, eo) the compo- 
sition 

I, = po<f>,: M ^ M^(M) 
is well defined and homotopic to the identity on M. 

Proof. Let us consider the function H : [0,l\xM M^^m) ; defined by H{t^ x) = 
tl^{x)+{l—t)x. This function is a homotopy if for any t g [0, 1] H{t, x) € M^f^M)- 
It is enough to prove that for any xq & M [/^(xo) — Xo| < r{M). Since the 
support of (t>e{xo) is contained in Bg{xo,R) 

Ie{xo)-Xo= / {x - Xo) p{4>e{xo){x))dlJ.g = {x - Xq) p {(l)e{xo){x)) dpg 
JM JBg(xo,R) 

_ !b{o,r) zHte{Wx^,e)Wxa,e{ex:?xo{z)))\9xo{z)\^dz 

/B(0,il) ^ (^^0 ,e) ,e (exp^^ (^) ) ) (^) I 5 

e /s (0, 1 ) (*e {Wxo ,e ) W'^o ,6 (exp^o (^^) ) )\9xo (e^) I ^ dz 
/s(o,|) ^(*e(^xo,6)W^xo,6(exp^,(e2;)))|ff^o(e2;)|5rf2; 
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where $ is defined in (|5.2p . We recall that for any e £ (0,1] and xq E M 
ti < if (Wro.e) ^ ^2- By definition of cf)^, we have 



/ $(t,(W^,„,,)M^,„,,(exp,^,(ez)))|g,,(ez)|5d^>/it f ^t^{U {z) ~ U R))d. 
Jb(o,s.) Jb{o,r) 



z > 0, 



where Ur is the value U{z) for any z € such that |z| = i?. Futhermore, we 
have 



e |z|<I>(t,(T^,„,,)W^xo,.(exp,„(ez)))|.9.o(e^)l^c?z<eH- / \zmhU{z))dz 

■/s(o,f) 



< 



B(0,f ) 

(ci-2co)7?ie 



|z|iP(C/(z)fdz 



{zeB(0,f ) I t2C/(z)>l} J{zG-B(0,f ) I t2;7(z)<l} 



|z|tl(C/(z))«dz 



Since U is spherically symmetric and decreasing, there exists po > such that 
the last quantity is equal to 



{ci-2co)H^e 



\z\t^,{U{z)rdz- 

B(0,po) 



\z\ti{u{z)ydz 

B{o,f)\B{0,po) 



(6.1) 



Obviously, the integral 



\z\e2{U{z))Pdz < tlpo / {U{z)Ydz 



B(0,Po) 



-8(0, po) 



is bounded. For the second integral in l|6.ip . we use the well known inequality 
by Strauss (see [IB]): 



\z\{u{z)ydz<c,^\u\\l,^2,^^., 

S(0,f)\B(O,po) 



-dz 



B{0..§)\Bi0,p„) \z\ 



where C„ is a positive constant. Then we conclude that there exist two positive 

(ti — 2)g-2Ti 

constants Ci, C2 such that (|6.ip is bounded from above by Cie + 2 , 

where the second exponent is positive and so \Ie{xo) — xq\ tends to zero as e 
tends to zero. □ 



Finally, by standard arguments it is easy to see that the Palais-Smale con- 
dition holds for Jf constrained on AC . 



7 The Morse theory result 

For an introduction to Morse theory we refer the reader to [TS], while for the 
applications to problems of functional analysis we mention [2]. 

Let {X, Y) be a couple of topological spaces, with Y C X, and Hk{X, Y) be 
the fc-th homology group with coefhcients in some field. We recall the following 
definition: 
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Definition 7.1. The Poincare polynomial of (X, Y) is the formal power series 

oo 
k=0 

The Poincare polynomial of X is defined as Vt{X) — 7't(X, 0). 

If X is a compact n-dimensional manifold dim[_fffe(X)] is finite for any k and 
dim[i/fe(X)] = for any k > n. In particular Vt{X) is a polynomial and not a 
formal series. 

We define now the Morse index. 

Definition 7.2. Let J he a functional on a Banach space X and let u be 
an isolated critical point of J with J(u) = c. The (polynomial) Morse index of 
u is defined as 

oo 

= ^dim[fffc(J^ j= \ M)]^^ 

where J'^ — {v €z X \ J{v) < c}. If u is a non degenerate critical point then 
it{u) — t^^'^\ where fi{u) is the (numerical) Morse index of u and represents 
the dimension of the maximal subspace on which the bilinear form J"(u)[-,-] is 
negative definite. 

It is now possible to state Theorem 11.21 more precisely: 

Tiieorem 7.3. There exists eo > such that for any e G (0, ep), if the set K^^ 

of solutions of equation is discrete, then 

h{u) = tVt{M) + t^[Pt{M) - 1] + til + t)Q,{t) , 

where Qe{t) is a polynomial with nonnegative integer coefficients. 

In the non-degenerate case, the above theorem becomes: 

Corollary 7.4. There exists eg > such that for any e e (0, eg); */ ^ef 
of solutions of equation is discrete and the solutions are non-degenerate, 

then 

= tVt{M) + t^[Vt{M) - 1] + t{l + t)QS) , 

where Qt{t) is a polynomial with nonnegative integer coefficients. 

Since we have proved that the composition /c of 0e and (3 from M to Mj.(^m) 
for e sufficiently small is homotopic to the identity on M, the following equation 
holds (see ,4 ): 

rti^ej)^rt{M) + z{t), (7.1) 

where Z(t) is a polynomial with nonnegative integer coefficients (here e and d 
are chosen as in Proposition l5.9|) . 
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Let a and e be as in Lemma l5.ll S > 0, then 

Vt (iJ2^(M), J™(-')+'^") =t 
By Morse theory we have 

h{u) = Vt [hI{M), J^(J)+'^ + Vt (JT^'^+', jf) + (1 + t)Q,{t) , 

where Qe{t) is polynomial with nonnegative coefficients. Using this relation 
with ([71]) and ([721), we obtain Theorem O and Corollary FTl Theorem O 
easily follows by evaluating the power series int= 1. 



Appendix 



Proof of Lemma \5.2i Given any < r < r(Af), we can choose p < r small 
enough so that there exists a finite open cover of Mp {CQ}a=i,...,k of subsets of 
with smooth charts : C Ca induced on Mp by the manifold 

structure of M. We assume that = Za x Ta, with Za a subset of M" 
starshaped centred in the origin and Ta the baU of R^"" with centre the origin 
and radius p. For any a and any (z, 0) E Za x Ta, let 0) G Cq = Cq, n M. 
Viceversa for any x S Ca, let ^q^^(x) = {z, 0). 

We denote by {'4'a{y)}a=i,...,k a partition of unity subordinate to the cover 
{Ca}a=i,...,k- For aU y e Mp we write ^^^(y) = {za{y),ta{y)). 

Given a function u e H^iM), we define a function u e 'D^''^{Mr) by = 
for all y & Mr\ Mp and 



= Y'^a{v)u{£.a{Za{y),Q))Xp{\'ta{v)\) 



for all y G Afp, where Xp is defined in (|2.ip . 
Inequality Let us write 



Ci = 

^3 
C4 



sup sup sup (D;^(^a(Za(y),0)))^- 

i,j=l,...,W a=l,...,fc y6Ca 



sup sup sup {D{ta{y)))i 
i=i, Q=i,...,fc ueCc 

j = l,...,N-n 

sup sup (|VV'a(2/)p + 1) , 

a=l,...,fc j/SCa 

sup sup I det_D(^Q,(2;, i))| , 

a=l,...,fe (2,t)GDQ 



[(xp(|i|))' + (x;(|t|)f] di- 



al 



Then we can estimate 



|V«(y)|2dy<2^ / \\^i^o.{y)?{u{U^o.{y)Mxp{\Uy)\)f 



\Vy {u{Uzc.{y), 0)))|' (Va(2/) xp{\tc.{y)\)f 

|V, (Xp(|ta(y)|))|'(V'a(2/)«(ea(^a(y),0)))^ 



dy 



< 



2J2 / \\^My)\HuiU^M),0))xpi\tc.{y)\)f 



Co |Vu(e„(za(y),o))r {My)xp{\Uy)\)? 
Ci {x'p{\Uy)\))\^o.{y)u{Uz^{y),Q))f 



dy 



< 



^ / \2Co\yuiU^^iy),0))f iXpiMy)\)Y 



+ 2(l + Cl)C2(^i(^o(zo(^J),0)))2 [{XpiMy)\)f + {XpiKiym'] dy] 
<2CoC3V / |Vu(^„(z,0))|2(xp(|<|)fdzdt 

+ 2(l + Ci)C2C3^ / (^i(^„(z,0)))2[(x,(|<|))2 + (x;(|^|))2]dzd^ 

k 

< 2C3(Co + (1 + Ci)C2) ^ I {Xpimfdtj \Vu{UzM? dz 



{(Xp{\t\)f + {Xp{\t\)f\dt / W?.(z,0))f 
k 

<2C3(Co + (l + Ci)C2)C4^ / |Vu(e„(z,0))|V(u(ea(z,0)))^ 



dz 



H 



< 2C3(Co + (1 + Ci)C2)C4jj J2 L + 



One can easily see that there exists a constant C5 > 0, depending only on the 
charts and on the partition of unity ipa, such that 



E L [|V«(x)|^ + Ka:))^ 

Q = l -^Ca 



and by the Sobolev embedding of H2 (M) in (M) (15. 4p is proved. 
Inequality S5.5\) . We show that for any s,teM, s + t ^ 

fi^ + t)>^[f{s) + fit)]. 

Cl 
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Let us consider first tlie case |s + i| > 1, |.s| > 1 and |t| > 1: 



f{s + t) > co\s + t\P > co{\s\P + m > ^{f"{s)s'+f"{t)f) > ^{fis) + f{t)). 

Ci Cl 



If \s + t\> 1, \s\ > 1 and \t\ < 1, we liave: 



f{s + t)> coiM" + m > co{\sf + m > ^(/(s) + fit)) . 

Cl 

The same kind of inequalities holds true in the other cases. 

Hereafter, for aU y e Mr we denote v^iy) = 4'a{y)u{£,a{za{y) , 0))xp{\ta{y)\)- 
The following integrals are always meant on the intersection with the support 
of v. 



f{v{y))dy = 



2 

" Cl ^ 

a— 1 



K[y)\^dy- 



{y6C„ I |i'c(y)|<i} 



For all a = 1, . . . , A: it is possible to choose C Cq, such that on this subset 
4'a{y) ^ J- Then the previous chain of inequalities is bounded from below by 



C5i» 
ciki 



E 



\u{U^^{y),0))Xp(My)\)\''dy 



\uiUzc.{y),0))Xp{\tUy)\)\'dy 



'{yeC^ I |t;„(y)|<l} 

Let D'^ be the set Ca^(C^)- We consider the following constants: 
Cg = inf inf |detD(^„(z,t))| , 

a=l,...,k (z,t)eDa 



(7.3) 



ixpilWdt, 



Cr = inf inf | det i:>(z„(a;))| 



The inequality (j7.3p is bounded from below by 

k 



ciki 



E 



{{z,t)eD'^ I |^„(«„(z,t))|>i} 



l«(ea(^,0))xp(|i|)R^dt 



{(z,t)er>^, I |i;„(?„(2,t))|<i} 



\u{U^.,0))Xpm)\''dzdt 
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> 



cik" 



E 

a=l 



\u{Uz,ow{xpm)ydzdt 



+ 



{{z,t)eD'^ I l«(£a(^,o))|>i} 



{iz,t)eD'^ I |«(c„(z,o))|<i} 



Uz,t)eD'^ I |«a(£a(z,t))|<l,|«(£a(^,0))|>l} 
{(z,t)GD^ I kc(£a(2,t))|<l,|«(ia(;^,0))|>l} 



+ 



\u{Uz,ow{xpm)rdzdt 



E 

a=l 



+ 



/ 



Uz,o)eD'^ I |««c,(z,o))|>i} 



o)ei?L I l«(«c(2,o))|<i} 



> 



E 



+ 



u(a;)|^(ix 



i{x)\Pdx 



{xeCa I 2;GC^, |it(£i;)|<l} 



Since for all a; G M the sum of the ^a{x) is one, there exists a such that x & C'^. 
Then for any u e L^{M) 

V / \u{x)\ dx = y2 XC'Jx)\u{x)\ dx= V xcjx) \u{x)\ dx 

/ 



> / \u{x)\dx. 



This means that 



E 

a=l 



\U 



'x)\Pdx+ [ 

J{ 



> / \u{x)Y'dx+ [ 

a;eM I |u(x)|>l} J {xeM \ \u(x)\<l} 



I 

J{x 

-f f"{u{x)){u{x)fdx>^ j f{u{x))dx>^[ f{u{x))dpi,. 
ci Jm ci Jm C1H2 Jf^ 



xeCc I xeC'^, |u(a;)|<l} 

u{x)\''dx 



\u{x)\'^dx 
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Inequality 115.6]) . For s > /(s) is increasing. Then we have 

/ f{v{y))dy<^l f(\v(y)\)dy<^ [ f [Y^Kiy)]] dy 

/3=l"'C'/3 \q=1 / 

k . / k \ 

E / / Ei^^^(^H^"(^'0))ir^' 



Com Ja/,- 

Cl 

coM^i^c, 



C1C3C8 
Com 



where Cs is the volume of the ball of radius p in Proceeding with the 
chain of inequalities we obtain 

k / k \ k / k \ 

E I /(Eix^.(^Mea(^,o))ijdz = Ey^ /[ Eixc„(^M^)i)^^ 



<k [ f{k\u{x)\)dx 



< 



< 



kci 
M 

kci 
M 



kci 
M 



{leM I fe|«(£c)|>i} 



k^\u{x)\^dx ■ 



kP\u{x)\Pdx + 

{xeM I \u(x)\>l} 

kP\u{x)\Pdx - 

{xeM I \u(x)\<l,k\u(x)\>l} 



{xeM I |«(x)|>l} 



F|u(a:)|Prfa; 



k'^\u(x)\'^dx 

{xeM I fc|M(a;)|<l} 

fc«|M(a;)|«da; 

{xeM I |m(2;)|<1} 

fc«|M(a;)|«dx 

{kSA/ I \u(x)\<l,k\u(x)\>l} 

ki\u{x)\idx 



< 



Cl 



f{u{x)) dx < 



Cl 



'{xeM I |M(a;)|<l} 

f{u{x))d^ig 



COM 7m ■ ■ ■ coM^"^ J A/ 

Inequality |5.7| j. The proof is analogous to the proof of (|5.5I 
We complete now the proof of Proposition l5.4l 



□ 
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Proof of equation i5.20\) . The following inequalities hold: 
1 



^ / \f"{ul)ul~f{ul)\—d^,g 



<-^/ (l/"KKI^ + l/'K)l^)rfM. 



'^k Y {x:eB \\u'(x)\>l} J {x:eB \\u'{x)\<l} J 

^ 2(2ci)^ ' 



{2;eS I |«'(a:)|>l} "'{^^eS | |«*(a:)|<l} / 



where in the last inequality we have used the fact that ^^„^2^" < V and *'^^^2^" > 
q. We can wright 



ulix)\Pdtlg+ luUxWdf^g 

{xeB I |u*(a;)|>l} J {xeB \ |ji*(a:)|<l} 

\ul{x)\Pdfig+ / \ul{x)\Pd^^g 

{xeB I lu*(a;)|>l, |ufc(a;)|>l, \uk(x)\>l} J {xeB \ lu*(a;)|>l, |«fc(a;)|<l, |«fc(a;)|<l} 

\uUx)\Pdt,g+ f \uUx)\Pd^ig 

{xeB I |«*(3:)|>1, \uk{x)\>l, \uk{x)\<l} J {xeB \ \ulix)\>l, |-5fe(x)|<l, |«fe(2;)|>l} 
{xeB I |«*(a:)|<l, \uk(x)\>l, |«fc(a;)|>l} J {xeB \ |u*(x)|<l, |{ifc(x)|<l, \uk(x)\<l} 

\ul{xWdflg+ f KixWdf^g 

{xeB I |«*(a:)|<l, \uk(x)\>l, |«fc(x)|<l} J {xeB \ |«*(a:)|<l, |«fc(a:)|<l, \ukix)\>l} 

<f \ul{x)\Pd^lg+ I \nl{xrd^,g 

J{xeB I \iLl(x)\>l, \iLk(x)\>l, |«fc(a:)|>l} J {xeB \ |ii*(x)|>l, |iifc(x)|<l, |ufc(2;)|<l} 

\ul{x)\Pdt,g+ f KixWdt^g 

{xeB I |«*(k)|>1, \uk{x)\>l, \uk{x)\<l} J {xeB I l«*(x)|>l, |fifc(a:)|<l, \ukix)\>l} 

\ul{x)\Pdf,g+ f \uUx)\^df,g 

{xeB I \ul(x)\<l, \uk(x)\>l, |«fc(a;)|>l} J {xeB \ |ii*(x)|<l, \uk{x)\<l, \ukix)\<l} 

\ul{x)\Pdtig+ f \uUx)\''d^^g 

{xeB I |«*(i:)|<l, |«fc(i:)|>l, |«fc(a;)|<l} J {xeB \ |m*(x)|<1, \uk{x)\<l, \ukix)\>l} 

<f 2P {\iLk{x)\P + \uk{x)\P) dfig + f 2muk{xW + \uk{x)\'^)dfig 

J {xeB I |«'(x)|>l, \uk{x)\>l, \uk(x)\>l] J {xeB I \ul(x)\>l, |«fc(a;)|<l, \u^(x)\<l} 

2P\Uk{x)\Pdfig+ f 2P\Uk{x)\Pdfig 

{xeB I |«*(a:)|>l, |Mfc(a:)|>l, |«fc(x)|<l} J {xeB \ |«*(a:)|>l, \ukix}\<l, |ui,(x)|>l} 

2P + \ukix)\P) dfig + f 2" HMx)]" + \uk{x)\'^) dfig 

{xeB I |u*(a:)|<l, l«fc(a:)|>l, |«fc(a;)|>l} J {xeB \ |«*(2;)|<1, |«fc(x)|<l, \uk{x)\<l} 

f 2P\Uk{x)\Pdfig+ f 2P\Uk{x)\Pdfig 

'{xeB I |«*(a:)|<l, \uk{x}\>l, |«fc(x)|<l} J {xeB \ |M*(a:)|<l, |Mfc(i:)|<l, \uk(x)\>l} 
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< / V\uk{x)\Pdtig+ f 2«|ufc(x)|'?dAig+ / 2P\ukix)\Pd^lg + f 2'l\uk{x)\''d^,g 

J{x^B I \uk(x)\>l} J{xeB I \uk{x)\<l} J{xeB I |jifc(a:)|>l} J {xeB \ Iua, (a:) | < 1} 

Co Jm 

Concluding there exists a constant C > such that 

4r / l/"KK-/'K)l^rfM9<-? / [f{uk) + fiu,)]dt,g 

JB Cfc JM 

2C X T M 8Cm(J) 

and this completes the proof of (|5.20p . □ 
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